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½Â1(�êÚ) �A = (aij)n×n. K

|A| =
∑

(i1,i2,··· ,in)

(−1)σ(i1,i2,··· ,in)a1i1a2i2 · · · anin,

ùp(i1, i2, · · · , in)�H1, 2, · · · , n�¤k�ü�. Ó�,

|A| =
∑

(j1,j2,··· ,jn)

(−1)σ(j1,j2,··· ,jn)aj11aj22 · · · ajnn,

ùp(j1, j2, · · · , jn)�H1, 2, · · · , n�¤k�ü�.
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½Â2(8B{) ���
A = (a)�1�ª½Â�êa.

�n− 1��
�1�ª®²½Â,·�½Ân��
A�

1�ª�

|A| = a11A11 + a21A21 + · · · + ai1Ai1 + · · · + an1An1.

�5�ê(1n�),©fÌ?,p���Ñ��, 2009c:

1�ª½Â�|A| = a1iA1i + a2iA2i + · · ·+ aniAni.
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½n �A�_,K

A =

(
A1 α

0 a

)(
En−1 0

β 1

)(
En−1 γ

0 1

)
,

Ù¥A1´�_Ý
.

½Â3(�5L«) eAØ�_,½Â

|A| = 0;

eA�_,½Â
|A| = a|A1|.

53 y²½Â�Ün5.

J.R.Silvester, Introduction to Algebraic K-Theory, London: Chapman-Hall, 1981

i÷,Á2d,�5�ê,p���Ñ��, 2012
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½Â4(¼ê{1) �ϕ : F n×n → F´N��÷v:

(1) ϕ(E) = 1;

(2)òA�?¿ü�p�C�B,Kϕ(B) = −ϕ(A)¶

(3) òA�?¿��C¦±�"êcC�B, Kϕ(B) =

cϕ(A)¶

(4) A,B,C´n�n��
, C�1r����uA�
1r����B�1r����Ú, Ù{���Ó,
Kϕ(A) = ϕ(B) + ϕ(C),

K¡ϕ�1�ª¼ê, ϕ(A)�A�1�ª.

5 ϕ´F nþ5��¡�n�5¼ê.
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½Â5(¼ê{2) �ϕ : F n×n → F´��5¼ê�÷v:

(1)éuØ÷��A,kϕ(A) = 0;

(2)ϕ(E) = 1,

K¡ϕ�1�ª¼ê, ϕ(A)�A�1�ª.

7±¥,p��ê{²�§(1��),�®�ÆÑ��, 2007
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½Â6(¼ê{3) �ϕ : F n×n → F´N��÷v:

(1)éuþn��
A = (aij),kϕ(A) = a11a22 · · · ann;

(2)ϕ(AB) = ϕ(A)ϕ(B),

K¡ϕ�1�ª¼ê, ϕ(A)�A�1�ª.

�è7�,p��ê,4ï��Ñ��, 1991
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ê¦5� ò1�ªdetA�,��¦±~êc��1�

ªdetB,K|B| = c|A|.

p�5� ��1�ª�ü�,1�ª�UCÎÒ.

�{5� òA�?¿��\�,	��þ�C�B,

K|B| = |A|.
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©5� A,B,C´n�n��
, C�1r����

uA�1r����B�1r����Ú,Ù{���Ó,K

|C| = |A| + |B|.

Ðm5� 1�ªdetAU1r�Ðm

detA = a1rA1r + a2rA2r + · · · + anrAnr.

=�5� 1�ª=���ØC,=|AT | = |A|.
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¦È5� |AB| = |A||B|.
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íØ �A´n�1�ª,Kk

ak1Ai1 + ak2Ai2 + · · · + aknAin =

 detA k = i

0 k 6= i
;

a1lA1j + a2lA2j + · · · + anlAnj =

 detA l = j

0 l 6= j
.

5 AA∗ = A∗A = |A|E.
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p�5�+©5�⇒�{5�

�{5�+ê¦5�⇒p�5�

3©5��cJe,

p�5�⇔ ”1�ª�ü�éA���Ó,1�ª

�"”
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1. ^�êÚ�½Ây²1�ª�5�

N´��=�5�,p�5�,ê¦5�,©5�, (Ï���{5�).

Ðm5�Uì|^ÚnÚ©5�,ê¦5�.

Ún

Aij =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · a1,j−1 a1j a1,j+1 · · · a1n

... ... ... ... ...

ai−1,1 · · · ai−1,j−1 ai−1,j ai−1,j+1 · · · ain

0 · · · 0 1 0 · · · 0

ai+1,1 · · · ai+1,j−1 ai+1,j ai+1,j+1 · · · ain

... ... ... ...

an1 · · · an,j−1 anj an,j+1 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
5 k��ákyLaplace½n,A~´Ðm5�.

N±�:�êÆÚØ,þ°�ÆEâÑ��,1966c

��#µ�5�ê,p���Ñ��, 1977
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2. d�êÚ�½Â,(Ü±þ�{y²1�ª�5�

^½Ây²=�5�.

^½Â`²

|A| = ai1Ai1 + ai2Ai2 + · · ·+ ainAin.

Ù¥,Aij�L@
¹kaij��J�Ñaij���êÚ,�1i1��Ã'.

ddy²ê¦5�,©5�.

d½Ây²”1�ªü1��éA��,K1�ª�"”,(Ü©,y²�

{5�. Ó���p�5�.

Ðm5�Uì|^ÚnÚ©5�,ê¦5�.
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3. ^8B{�½Â(1��Ðm½Â)y²1�ª�5
�1
N´��1���ê¦5�,1�p�5�,1Ú��©5�,(Ï�

�1��{5�). í�”ü�éA���Ó§1�ª�"” ,Ï����

�{5�,����p�5�,?�Ú����Ðm5�.

|^1�1©Ú��Ðm5�,��1�1�Ðmªf. ?��1�

Ðm5�)Ú=�5�).

5 k��áky�
A�±²�{C�z�é�Ý
. ddy²1�ª

�=�5�.
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4. ^8B{�½Â(1��Ðm½Â)y²1�ª�5
�2

y²��5�. N´��ê¦5�,©5�.

y²p�5�^�
∑n

i=1
∑i−1

j=1 =
∑n

j=1
∑n

i=j+1. Ï���{5�.
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y²J� e���ü�Ø¹11�,d8B{=�.
edetA�11��12�����1�ª�detB,�B�1(i, j)���bij ,�A�{f
ª�Nij . ,	,�1 ≤ i < j ≤ n�,3detA¥�K1i1,1j1±911�,12���e

���Uì�k��é ��¤�n− 2�1�ªP�M

[
i j

1 2

]
. K

detB =
∑n

i=1(−1)i+1bi1Ni1

=
∑n

i=1(−1)i+1ai2Mi2

=
∑n

i=1(−1)i+1ai2(
∑i−1

j=1(−1)j+1aj1M

[
j i

1 2

]
+
∑n

j=i+1(−1)(j−1)+1aj1M

[
i j

1 2

]
)

=
∑n

i=1

∑i−1
j=1(−1)i+jai2aj1M

[
j i

1 2

]
+
∑n

i=1

∑n
j=i+1(−1)i+j+1ai2aj1M

[
i j

1 2

]

=
∑n

j=1

∑j−1
i=1 (−1)i+j+1aj1ai2M

[
i j

1 2

]
+
∑n

j=1

∑n
i=j+1(−1)i+jaj1ai2M

[
j i

1 2

]

= −
∑n

j=1(−1)j+1aj1(
∑j−1

i=1 (−1)i+1ai2M

[
i j

1 2

]
+
∑n

i=j+1(−1)(i−1)+1ai2M

[
j i

1 2

]
)

= −
∑n

j=1(−1)j+1aj1Mj1

= −detA

ù�,p���ü�,1�ªUCÎÒ.
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éuë\Ò���5Æ
∑n

i=1
∑n

j=i+1 aij =
∑n

j=1
∑j−1

i=1 aij,��ée¡�¤

�Ñ�ê�Ú,

a12 a13 · · · a1,n−1 a1n

a23 · · · a2,n−1 a2n

· · · · · · · · ·

an−2,n−1 an−2,n

an−1,n

Uìþ¡¦{,ké1¦Ú2¦oÚ§ké�¦Ú2¦oÚ=��.
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�Ðm5�^�p�5�Ú½Â.

y²=�5�^�

Ún1 1�ª�1�1��0,K1�ª�0.

Ún2 1�ª�^1�1Ðm.

http://192.9.200.1


Home Page

Title Page

JJ II

J I

Page 24 of 47

Go Back

Full Screen

Close

Quit

5. ^8B{�½Â(1��Ðm½Â)y²�êÚ1

y²J� Pεi�IOü ��þ. |^©5�Úê¦5�,��

|A| =
∑

i1,i2,··· ,in

ai11ai22 · · · ainn|εi1, εi2, · · · , εin|.



|εi1, εi2, · · · , εin| = (−1)σ(i1,i2,··· ,in)|ε1, ε2, · · · , εn|.

5 ù�´^¼ê{1½Â�1�ª�Ñ�êÚªf��{.
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6. ^8B{�½Â(1��Ðm½Â)y²�êÚ2
y²J� é�ê�êÆ8B{. ÄkdetA =

∑
1≤i≤n

(−1)n+ianiMni.PMni = det(bkl),

Ù¥1 ≤ k, l ≤ n− 1. d8Bb��,

detMni =
∑

(l1,l2,··· ,ln−1)

(−1)σ(l1,l2,··· ,ln−1)b1l1b2l2 · · · bn−1,ln−1,

ùp(l1, l2, · · · , ln−1)�H1, 2, · · · , n − 1�¤k�ü�. 5¿�, �l < i�, bkl = akl;
�l ≥ i�, bkl = ak,l+1,�kb1l1b2l2 · · · bn−1,ln−1 = a1i1a2l2 · · · an−1,in−1,Ù¥,�lh < i�,
ih = lh; �lh ≥ i�, ih = lh+1. Ï�σ(l1, l2, · · · , ln−1) = σ(i1, i2, · · · , in−1),¤
±Mni =

∑
(i1,i2,··· ,in−1)

(−1)σ(i1,i2,··· ,in−1)a1i1a2l2 · · · an−1,in−1, Ù¥(i1, i2, · · · , in−1)�

H1, 2, · · · , i− 1, i+ 1, · · · , n�¤k�ü�. ù�

|A| =
∑

1≤i≤n

(−1)n+iani(
∑

(i1,i2,··· ,in−1)

(−1)σ(i1,i2,··· ,in−1)a1i1a2i2 · · · an−1,in−1)

=
∑

(i1,i2,··· ,in−1,i)

(−1)(n+i)+σ(i1,i2,··· ,in−1)a1i1a2i2 · · · an−1,in−1ani

=
∑

(i1,i2,··· ,in−1,i)

(−1)(n−i)+σ(i1,i2,··· ,in−1)a1i1a2i2 · · · an−1,in−1ani

=
∑

(i1,i2,··· ,in−1,in)

(−1)(n−in)+σ(i1,i2,··· ,in−1)a1i1a2i2 · · · an−1,in−1anin

=
∑

(i1,i2,··· ,in)

(−1)σ(i1,i2,i3,··· ,in)a1i1a2i2a3i3 · · · anin.
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7. ^5�ª½Ây²1�ª�5�

ky|AB| = |A||B|.

ù�,kê¦5�,p�5�,�{5�.

©5�: ©�¹+é�ê8B

'uÐm5�,=�5�?

XÛl5�ª�½Â�Ñ�êÚ�ªf?
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8. ^1�ª¼ê½Â2y²1�ª�5�

ky1�ª¼ê���5.

2y”éu��_Ý
A, ϕ(A) = 0”�p�5��d.

ù�,k©5�,ê¦5�,p�5�,(�Ñ�{5�).

'uÐm5�, ½Âψ�8B{½Â, y²§÷v1�ª¼ê½Â�^

�,�â��5,ϕ = ψ,��Ðm5�.

Óny²=�5�.
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9. N�{2y²�êÚªf

½Âψ(A)��êÚ½Â�1�ª,y²§´÷v±e^�����5¼

ê,

(1)éuØ÷��A,kϕ(A) = 0;

(2)ϕ(E) = 1,

�â1�ª¼ê���5,��ψ = ϕ.
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10. N�{3y²1�ª�5�

Äk,g,|AB| = |A||B|. ¤±¤áp�5�,ê¦5
�, (Ï���{5�).

^

(
Er 0

0 0

)
,��=�5�.

,	y²©5�,Ðm5�.
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o. 'u|AB| = |A||B|�y²
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{�:|^Ý
�Ð�C�1

y²J� é1�ª�1�Ð�Czz�en�Ý
.

éuÐ�Ý
P ,k|PA| = |A| = |AP |. ¤±∣∣∣∣∣∣ A 0

E B

∣∣∣∣∣∣ = |A||B|.
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{�: |^Ý
�Ð�C�2

y²J� �r(A) < n�, |A| = 0. r(AB) ≤ r(A) < n,

¤±|AB| = 0.

�r(A) = n�,Äky²éuÐ�Ý
P , k|PB| =

|P ||B|. A�±L�k��Ð�Ý
�¦È.
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{n: |^Ý
�Ð�C�3

y²J�Äky²é�Ý
D,k|DB| = |D||B|. A�±

ÏL1Ú���{C�z�é�Ý
D. éu�{Ý


T ,ok|TB| = |BT | = |B|.
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{o: |^Ý
�Ð�C�4

y²J�A�±ÏL1�Ð�C�z�þn�Ý
. 

éuÐ�Ý
P ,ok|PB| = |B| = |BP |.
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{Ê:|^Ý
�Ð�C�5

y²J�

A�±ÏL1�Ð�C�z�  Er 0

0 0

 .

éuÐ�Ý
P ,ok|PB| = |B| = |BP |.

∣∣∣∣∣∣∣∣∣
Er 0

0 0

∣∣∣∣∣∣∣∣∣ =


1 �r = n

0 �r = n

.
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{8: |^Laplace½n

y²J� ∣∣∣∣∣∣ A 0

−E B

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 0 AB

−E B

∣∣∣∣∣∣ .
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{Ô:

y²J�

|A||B| =

∣∣∣∣∣∣ A 0

−E B

∣∣∣∣∣∣
∣∣∣∣∣∣ 0 AB

−E B

∣∣∣∣∣∣ = (−1)n

∣∣∣∣∣∣ −E B

0 AB

∣∣∣∣∣∣ = |AB|.
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{l: |^1�ª�êÚ�½Â��y²

y²J�

|AB| =

∣∣∣∣∣∣∣∣
∑n

j1=1 a1j1bj11
∑n

j2=1 a1j2bj22 · · ·
∑n

jn=1 a1jn
bjnn∑n

j1=1 a2j1bj11
∑n

j2=1 a2j2bj22 · · ·
∑n

jn=1 a2jn
bjnn

· · · · · · · · · · · ·∑n
j1=1 anj1bj11

∑n
j2=1 anj2bj22 · · ·

∑n
jn=1 anjn

bjnn

∣∣∣∣∣∣∣∣
=

∑
(j1j2···jn)

bj11bj22 · · · bjnn

∣∣∣∣∣∣∣∣
a1j1 a1j2 · · · a1jn

a2j1 a2j2 · · · a2jn

· · · · · · · · · · · ·
anj1 anj2 · · · anjn

∣∣∣∣∣∣∣∣
= (

∑
(j1j2···jn)

(−1)σ(j1j2···jn)bj11bj22 · · · bjnn)

∣∣∣∣∣∣∣∣
a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣ = |A||B|.

oÁ),�ïI,�5�ê,¥I�E�ÆÑ��, 1989c
Ü��µ1�ªØ�Ý
Ø,ûÖ<Ö�, 1954c
R.F.Scott,1�ª�nØ9ÙA^(1880c),���È,ûÖ<Ö,, 1925c
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{Ê:^�5L«�½Ây²

½n �A�_,K

A =

(
A1 α

0 a

)(
En−1 0

β 1

)(
En−1 γ

0 1

)
,

Ù¥A1´�_Ý
.

½Â3(�5L«) eAØ�_,½Â

|A| = 0;

eA�_,½Â
|A| = a|A1|.

J.R.Silvester, Introduction to Algebraic K-Theory, London: Chapman-Hall, 1981
i÷,Á2d,�5�ê,p���Ñ��, 2012
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y²J� eABk��Ø�_,K|AB| = 0 = |A||B|. eA,Bþ�_,K

AB =

(
A1 α1

0 a1

)(
En−1 0

β1 1

)(
En−1 γ1

0 1

)(
A2 α2

0 a2

)(
En−1 0

β2 1

)(
En−1 γ2

0 1

)

=

(
A1 α1

0 a1

)(
En−1 0

β1 1

)(
A2 α2 + γ1a2

0 a2

)(
En−1 0

β2 1

)(
En−1 γ2

0 1

)

=

(
A1 α1

0 a1

)(
En−1 0

β1 1

)(
A2 0

0 a2

)(
En−1 α′2

0 1

)(
En−1 0

β2 1

)(
En−1 γ2

0 1

)

=

(
A1A2 α′1

0 a1a2

)(
En−1 0

β′1 1

)(
En−1 α′2

0 1

)(
En−1 0

β2 1

)(
En−1 γ2

0 1

)

=

(
A1A2 α′1

0 a1a2

)(
M α′

0 a′

)(
En−1 0

β′ 1

)(
En−1 γ′

0 1

)(
En−1 γ2

0 1

)

=

(
A1A2M α′′1

0 a1a2a
′

)(
En−1 0

β′ 1

)(
En−1 γ′′

0 1

)
¤±|AB| = a1a2a

′|A1A2M | = a1|A1|a2|A2|a′|M | = a1|A1|a2|A2| = |A1||A2|.

http://192.9.200.1
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{�:

y²J� e|B| = 0,Kàg�5�§|BX = 0k�"

),¤±ABX = 0k�"),�|AB| = 0.

e|B| 6= 0, B�L�eZ�Ð�Ý
�È.d1�ª�5

�,�3���AÃ'�êλ,¦�

|AB| = λ|A|.

�A = E,��λ = |B|. �|AB| = |A||B|.

A.Lauve, The Cauchy-Binet formula,2004
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½n �A�_,K�3�_Ý
P ,¦�PA�þn�Ý

.

½Â7(þn��{) Pþ¡þn�Ý
�é����

�a11, a22, · · · , ann,½Â

|A| = a11a22 · · · ann.

Gilbert Strang, Introduction to Linear Algebra, 4th Edition, Wisley-Cabridge Press, 2009

http://192.9.200.1


Home Page

Title Page

JJ II

J I

Page 44 of 47

Go Back

Full Screen

Close

Quit

ÜS>f���~Ò:^Ì�{¦{½Â1�ª

1�ª�O��{�½Â½. 1�ª�n«½Â�
{¤I�¦{gê

�ê 2 5 25

�êÚ 2 480 3.7227e + 026

8B{ 2 205 3.1022e + 025

Ì�{ 3 41 5208

http://192.9.200.1
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½Â8(¼ê{4) �ϕ : F n×n → F´¼ê�÷v:

(1) ϕ(A1, · · · , cAi, · · · , An) = cϕ(A1, · · · , Ai, · · · , An);

(2) ϕ(A1, · · · , Ai, · · · , Aj, · · · , An) = cϕ(A1, · · · , Ai +

Aj, · · · , aj.cdots, An);

(3) ϕ(E) = 1,

K¡ϕ�1�ª¼ê, ϕ(A)�A�1�ª.

A.I.Kostrikin, Introduction to Algebra (I), 2001 (Ü=ËÈ)
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½Â9(¼ê{5) �ϕ : F n×n → F´¼ê�÷v:

(1)eAk���",Kϕ(A) = 0;

(2)eA²L���{C�z�B,Kϕ(A) = ϕ(B);

(3)eA = diag{a, 1, · · · , 1},Kϕ(A) = a,

K¡ϕ�1�ª¼ê, ϕ(A)�A�1�ª.

A.I.Kostrikin, Introduction to Algebra (I), 2001 (Ü=ËÈ)
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